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Abstract

This paper studies the problem of fault tolerant control design for time-delayed systems subject to
actuator saturation. Delay- and fault-range-dependent estimate for the domain of attraction of the
origin is presented using the linear matrix inequalities (LMIs) techniques. An illustrative example is
exploited to show the effectiveness of the proposed design procedures.
© 2012 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

Systems with interval time-varying delay constitute basic mathematical models of real
phenomena, for instance, chemical engineering systems, distributed networks, inferred
grinding model, manual control, microwave oscillator, neural network, population
dynamic model, ship stabilization, and systems with lossless transmission lines. The
existence of time delay may cause instability or bad performances in dynamic systems.
Hence the stability and stabilization problems for time-varying delay systems have received
some attention [1-3].
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Nearly all physical systems are subject to saturation constraints, such as actuator
saturation and/or sensor saturation, which is usually a source of instability in control
systems [4]. Considerable attention has been paid to such systems with saturation of
control signals. In the existing literatures, there are mainly two developed approaches: (1)
let saturation do not occur, which is called positive invariance approach [5] and (2) Allow
saturation to take effect while guaranteeing asymptotic stability of the system [6,7]. Both of
those two approaches, the main problem to be addressed is to get a large enough domain
of initial states, which ensures an asymptotic stability of the system with input saturation.

Actuator/sensor failure is also inevitable in practical control applications. Much effort
has been devoted to the fault tolerant control (FTC) design, since unexpected failure may
result in a substantial damage of the system, and even be hazardous to the plant personnel
and environments [8§—11]. Therefore, FTC design is essential for the control system.

In this paper, we aim to develop a fault tolerant controller such that the system under
the above instable sources at a same time, such as interval time-varying delay, uncertain
actuator failures and actuator saturation, can be operating properly, since those
phenomena are not isolated existence practically. Furthermore, an optimization problem
with LMI constraints is formulated to obtain the largest contractively invariant set by
using the proposed optimization algorithm. To the best of our knowledge, the problem
remains open and challenging, which motivates us to the current study.

Notation: R" denotes the n-dimensional Euclidean space, R is the set of real n x m
matrices, [ is the identity matrix of appropriate dimensions, |l - Il stands for the Euclidean
vector norm or spectral norm as appropriate. The notation X >0 (respectively, X <0), for
X € R™" means that the matrix X is a real symmetric positive definite (respectively,
negative definite). £, .,, = L([—72,0],R") denotes the Banach space of continuous vector
functions mapping the interval [—7,0] into R” with the topology of uniform convergence.
The asterisk % in a matrix is used to denote term that is induced by symmetry, Matrices, if
they are not explicitly stated, are assumed to have compatible dimensions.

2. System description

Consider the following time-varying delay system with the saturation of control input
X(t) = Ax(t) + Agx(t—(?)) + Bo(u(z)) (1)

x(0)=¢(), te[-1,0] (@)

where x(7) € R" and u(t) € R™ denote the state and control vector, respectively. 4, A; and
B are known constant matrices with appropriate dimensions, 7(¢) is an interval time-
varying delay which satisfies 0 <1t <7(f)<1,, ¢(¢) is a continuous vector valued initial
function. The function o(-) is the standard saturation function defined as follows:

a(u(0) = [o(ur (D)o (ua(2)) - - - 3 un(1)]” G)

where o(u;(7)) = sign(u;(¢))min{1, |u;(¢)|}.
The following actuator fault model and state-feedback control strategy are adopted:

uf (1) = EKx(1) 4)
where Z is an actuator fault scale factor matrix, and

E=diag{¢.& . Culs OSQS@SE (ieT2{12,....m}) (5)
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where él, and &; (i € T) are given constants, especially, if &; = 0 means that the ith actuator
completely fails, and &, =1 denotes the ith actuator is normal.

Define
Eo=diag[éio, .. »Emols o =(&, +&)/2 (6)
Er=diagléy, .. oéml, &n=(&—=E)/2 (7
Then, the matrix £ can be rewritten as
E=E)+E AJ (8)

where AJ =diag[ji, ... Jul, Vil<l,i=1,...,m.
The dynamic Eq. (1) with consideration of actuator fault model (4) is then described by

X(t) = Ax(t) + Agx(t—1(1)) + Ba(EKx(?)) )
To estimate the domain of attraction, the following two sets are introduced.

LF)&{x(1) € R" : |fix(1)| <uj,i € T} (10)

E(P, A {x(f) € R" : x(n)T Px(£)< 1} (11)

where f; is the ith row of the matrix F € R™", and P € R"™" is a positive-definite matrix.
We introduce the following definition and lemmas firstly, which will be used in the
subsequent development.

Definition 1 (Zhang et al. [12]). For an initial condition xy € £, .,, suppose the state
trajectory of system (1) x(z,x¢) is asymptotically stable, then the domain of attraction of
the origin is

X = {xo € Ly, ¢ lim X(1,10) = 0) (12)

Lemma 1 (Wang et al. [13]). Let U,V,W,X be real matrices of appropriate dimensions
with X satisfying X = XT. Then

X+U0vw+whviuT <o forall VIV <I
if and only if there exists a scalar ¢>0 such that
X+eUUT +e7' W <0

Lemma 2 (Gu et al. [14]). For any constant matrix R € R™", R>0, scalars t,, <t(t) <1y,
and vector function X :[—1,,,0]—>R" such that the following integration is well defined, it

holds that
t r —
= xT(z)Rx(z)sl i ] [ ’ R] x(ﬁiﬂ)] (3)

xX(t—1) £ —R

—Tm

Lemma 3 (Park and Wan Ko [15]). Suppose S,T, and Q are constant matrices of
appropriate dimensions. Then

T@O—tm)S + (ty—1())T + <0 (14)
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is true for any 1(t) € [tm,Tym] if and only if
(Ty—1m)S + Q<0 (15)

(ty—tm)T + Q<0 (16)

Let W be the set of m x m diagonal matrices whose diagonal elements are 1 or 0.
Wi (i=1,2,...,2") is the element of W, and define W = [—W;, obviously, W; is also an
element of W.

Lemma 4 (Hu et al. [7]). Let F,H € R™" be given. For x € R", if x € L(H), then
a(Fx(1)) € co{ WiFx(t) + W Hx(t) : i € I} (17)

where the notation co{-} denotes the convex hull of a set.

The objective of the paper is to design a reliable state-feedback controller for the system
(1) with consideration of the actuators saturation and failures such that the closed-loop
system (9) is asymptotically stable.

3. Main result

In this section, we will first focus on the condition of local asymptotic stability for the systems
with the actuator saturation and failures. The design of reliable controller is then presented.

Theorem 1. For given scalars 11,12, the closed-loop system (9) with consideration of all
possible faults is asymptotically stable within the set E(P,1){x € R"|xT (1)Px(t) <1}, if there
exist matrices P>0, Ri >0, R,>0, 0,>0, 0»>0 and scalars ¢ such that the following
matrix inequalities hold

&P,1) C L(H) (18)
r Y{? % % 3% % ]
PA —-PO'P % % % I— 1o
o(1) 0 —Joi0 % % |<0 (. 7 (19)
1 =TT nT j=12,....2
eV, 5 W B'P 0 —el %
5 0 0 0 —&l
where

Y, % % %

p0 _ Y1 ¥y % *

/ Y51 ¥ Wi %
Yy Yo Vi3 Yu

o()=S", d2)=T"
wi=[Z{W/B"P 000, ¥=[K 00O
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W11 =Ry + Ry— Q) + P(A+ BW,5,K + W H)) + (4 + B(W;Z0K + W; H))" P
Py=01+SI, Puo=—R -0 +S+S]

Yy =T —ST +4TP, ¥y=S;+T{-SI, ¥Wy3=T34+T{-S;—ST
Py=-T], Yp=Si—T), Wi=T4—S4~T!, WPu=-R—Ty—T}
A=[A+BW;ZK+ W H) 0 Ag 0], 121 =12—1

Proof. Choose the following Lyapunov function for the system (9) as

3
Vi)=Y Vilx) (20)

i=1
where

Vi(x) = x" (1) Px(?)

Va(x;) = /t xT(s)R1x(s) ds + /I xT(s)Rax(s) ds

0 t ) -1 t
Vi(x;) =1 / / xT(v)01x(v) dv ds + / / 1T (v)0rx(v) dv ds
-1 J1+s ) t+s

Taking the derivative of V'(x;) along the trajectory of the system (9), and using Lemma
2, It follows:

V1(x,) = 2xT (1) Px(2)

2
Va(x) = x"(1)(Ry + Ro)x(1)— Z xT(t—1)Rix(t—1;)

i=1
. o _ X0 1'[-o = ][ x0
Vi(x)<x" (O[t7 01 + 121 02]x(1) + X(1—11) 0 —0 || xtt—1)

- / T A T(9)00 () dis

—15

Employing the free-weighting matrix method [16,1], we have

-1

2T()S [x(t—fl)—x(l—r(l))— x(s) ds] =0 21)

t—1(1)

t—1(1)
2CT(1‘)T[x(t—r(t))—x(t—rz)— / x(s) ds] =0 (22)

where () = [xT () xT(t—11) xT(t—(2)) xT(t—12)]".
Similar the method in [17,18], we have

-1

s [ k) ds< - (005" ST + / T T 00(s) ds 23)
t—1(1) 1—(1)
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t—1(1)

t—1(1)
T / $(s) ds < ()T (OTOT TT2(1) + / 0 ds  (24)

-1 =12

From Eq. (18) and Lemma 4, we can rewritten a(u(?)) for all x(¢) € E(P,1) as

o(EKx(1)) = K;x(t) (25)
where
2 2
Ki= Y 0{W;ZK + W; H) (Z 0= 1,9j>0> (26
j=1 =1

Then, the closed-loop system (9) can be further rewritten as
X(1) = Ax(t) + Agx(t—1(¢)) + BK;x(1) 27)

Calculate the time derivatives of V'(x;) along the trajectories of the system (27), it yields
2
V(x) <23 (OP5(0) +xT (R + R)x(— Y xT (=) Rix(1—1))

=1
x(1) -0 % x(1)
x(t—11) O —0Oi||x(t—11)
+20T(O1Sx(t—11) + (T—=S)x(t—(1))— Tx(t—12)]
+2CT(Z)S[(A + BK;)x(t) + Agx(t—1(£))—x(1)]

+TOI()—1)SO5 ' ST + (1o —1(1) TQ5 ' TT1L(1)
”

<> 0T O + [(:()-11)SQ, ' ST + (=) TQ; ' T (1)
j=1
where W, = %0+ ¥ AJY? + %2 AJTY! + A QA, Q=730 + 1210y, then one can
conclude that if '
¥+ [(e()—t)SQ;'ST + (12 —t())TQ;' TT1<0 j=1,2,...,2" (28)

holds, then ¥ (x,)<0.
Based on Lemmas 1 and 3 and Schur complement, we can know that Eq. (19) is a
sufficient condition to guarantee Eq. (28) holds. This completes the proof. [

T
+xT()Qx(t) +

Theorem 1 gives a sufficient condition to guarantee the stability of the closed-loop
system (9). Now we will give an LMI-based optimization algorithm to obtain the largest
contractively invariant ellipsoid £(P,1) for the systems (27).

With the optimization method in [7], an exact invariant set with least degree of
conservativeness can be formulated as

max o
a2 C E(P,1)
s.t (18)—(19) (29)

where Q = &(I1,1),1T € R™".
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Theorem 2. For given scalars ty, 12, ¢ and matrix E(i=0,1). The closed-loop system (9),
under the all possible faults and saturation of the control input, is asymptotically stable, if
there exist matrices X >0, R; >0, Ry >0, Ql >0, @2 >0, Y and scalars ¢>0 such that the
following LMIs hold

_u[ %

Toux | >0 i€l (30)
i 1

Y, 2X+J3Q % £ % 1

- _ —12

0 —ym0, x % | <0, ( P 2) (D)
7 ETwIBT 0 —el % Y

7 0 0 0 —el

where

Y, % % %
?0 _ Yy ¥y * *
/ Yy Wi Wi %

Yy VYo Vi Y

Y, =[AX + BW,Z)Y + BW;L 0 A+dX 0]

¥, =[=[w/B" 00 0]

Y. =[Y 00 0]
Yi=Ri+R—0,+AX + XA" + BW,E,Y + E{W/B" + BW; L+ L"W;"B"
¥y =§1 + gr,?zz = _Fl—él + 8, + §2T
V3 =T, -5, + XA}, Vyp=S5:+T,-8,, Pys=Ty+T3-5:-5;
Vy=-T,, Up=84T,, Pys=T4—84—T;, Pyu=—Ro—T4—T,
o)=5", Q=T", 0=10,+0;

In addition, the gain of the fault tolerant controller in Eq. (4) is given by K =YX~

Proof. From [7], the constraint (18) is equivalent to

U; %
/’llT uiP

where #4; is the ith row of H.

>0, iel (32)
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Define X = P~! and /;=h;y, one can see that Eq. (32) is equivalent to Eq. (30) using Shur
complement.
Due to (Q—¢'P)Q '(Q—e 'P)>0 for 9>0,P>0 and ¢>0, it gives that

—PO 'P<-2eP+%Q (33)
Obviously,
PA  —2¢P; + EQ % % % 1o
0 0 -y % % |l<0 | 7 (34)
1 T T T J= 1,2, ,2
all’j eE] W; B'P 0 —el %
v 0 0 0 —ef

is a sufficient condition of Eq. (19). Pre- and post-multiply Eq. (34) by
diag{X, X, X, X,X,X,1,I}, it follows Eq. (31) holds. This completes the proof. [l

To find an exact invariant set with least degree of conservativeness, Theorem 2 can be
formulated as the following optimizing problem:

max o
aQ C E(P,1)
s (30)—(31) 335

where Q=&(I1,1),11 € R"". Using Schur complement, one can know that Eq. (35) is
equivalent to

inf vy
7]
>0
s.t. I X (36)
(30)—@31)

where y=1/42.

Choose Zp=1 and Z; =0 in Theorem 2, the system (27) is then becomes a normal
system, i.e. there is no any failure occurring in the system’s running process. The following
corollary can be obtained using the similar method.

Corollary 1. For given scalars t1,72, the closed-loop system (9) under the constrain of
saturation of control input is asymptotically stable, if there exist matrices X >0, R,>0,
R>>0, Q,>0, Q,>0 and scalars ¢>0 such that the following LMIs hold

Uu; &
T X >0, iel (37)
i i
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0
; £ £
Pl —2eX 420 % (38)
®(I) 0 — /110,
where
Yo% % %
lpo _ Py ¥n % *
/ Vi3 Wi Wi %

@41 @42 lil43 @44

=[AX + BW,Y + BW;L 0 A+dX 0]

=[E{ W/B" 0 0 0]

=[Y 00 0]
P11 =R+ Ry—0, + AX + XA" + BW,;Y + W/ B" + BW; L+ L"W; "B"
Y~’21=Q +§1T, Py =-R-0, +52+52
8+ XAY, Wy =854 T1-8), Wu=T3+T1-8:-8,
, '1’42254—T2T, E?’4327%4—514—7{, E?’442—1?2—7%4—7{
(=8 ,6Q)=T, 0=70,+10,

Using the similar optimization method, one can get the largest “contractively invariant
ellipsoid” as follows:

min §
Y % =0

s.t. I X 39)
(371)—(38)

where T € R,

4. A numerical example

In this section, a numerical example is presented to demonstrate the effectiveness of the
proposed method. Attention is focused on the controller design for the delay system with
both actuator failure and its saturation.

Example 1. The parameters of continuous-time system (1) with state time-delay satisfying
0<1(¢)<0.35 are given as

05 -1 06 04 1
A= , Ag= , B= s ui=35
0.5 =05 0 -05 1
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The following two cases are considered:

Case i: The actuator is normal, i.e. Z = L,,n;

Case ii: The actuator is abnormal, and the fault range is assumed that 0.4 <¢&; <0.8.

Corollary 1 is used to address the problem of Case 1, from which the following results
can be obtained with ¢ = 1:

0.0962 —0.0167
T 1 —0.0167 0.0196

K =[—1.8463 0.6562]
H =[—1.4684 0.4640]

Three ellipsoids are plotted in Fig. 1, where the inner dotted-dash ellipsoid is obtained
by the method of [19] whose system is in a normal condition, and the outer solid and
dashed ellipsoid are the sets £(P,1) and a X under the condition of Case i, respectively,
from which one can see clearly that the state of the examined system converges to the
origin within the estimated domain of attraction despite actuator saturation and the
interval time-varying delays. In addition, it can be shown that our approach gives a larger
estimation of the domain of attraction then the existed one. Also it can be observed that
the ellipsoid set is contained inside the set of admissible saturations £(H) as well.

Case ii investigates the problem of the control system subject to actuator failure, the
reliable controller and its corresponding parameters can be obtained Theorem 2

» 0.2312  —0.0472
T 1 —0.0472  0.0376

K =[—4.1995 1.3613]
H=[-22108 0.7414]

Fig. 2 shows the resulting invariant ellipsoids of the system with normal (the outer) and
actuator fault (the inner) conditions, respectively. Obviously, the estimated ellipsoid under

-4 -3 -2 -1 0 1 2 3 4

Fig. 1. Estimates of the domain of attraction and state trajectories without actuator failure.
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Fig. 2. Estimates of the domain of attraction under actuator failure.

-3

times
Fig. 3. State trajectories using fault-tolerant controller.
Case 1 is bigger than the one under Case ii, since the failure occurs at the actuator of the
control system. From Fig. 3, one can see that the closed-loop system has a good control

performances by using the proposed fault tolerant controller, although there exist some
instable sources, such as time delay, actuator saturation, and failures etc.

5. Conclusion

The reliable control design for a class of interval time-varying delay systems subject to
actuator failure and saturation is presented in this paper. Delay- and fault-range-
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dependent optimization approach is used to enlarge the estimation of the domain of
attraction by a set of LMIs. A numerical example is used to show the effectiveness of the
proposed method. However, the results in this paper are not concerned with the
nondeterministic systems, such as switch system [1,20], which is the future research
direction.
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